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ABSTRACT: The main objective of this paper is to propose a new Finite Element (FE) model updating technique for 
damped beam structures. The present method consists of a FE model updating, a Degree of Freedom (DOF) reduction 
method and a damping matrix identification method. In order to accomplish the goal of this study, first, a sensitivity-
based FE model updating method using the natural frequencies and the zero frequencies is introduced. Second, an 
Iterated Improved Reduced System (IIRS) technique is employed to reduce the number of DOF of FE model. Third, a 
damping matrix is estimated using modal damping ratios identified by a curve-fitting method and modified matrices 
which are obtained through the model updating and the DOF reduction. The proposed FE model updating method is 
verified using a real cantilever beam attached damping material on one side. The updated result shows that the proposed 
method can lead to accurate model updating of damped structures. 
KEY WORDS: Damping matrix identification; FE model updating; Sensitivity; Natural frequency; Zero frequency. 
INTRODUCTION 
A damping is a very important parameter to reduce the vibration of structures. Nowadays, the use of damping materials to 
improve damping effect is increasing. It is important to estimate the damping matrix in analyzing damped composite structures 
using the Finite Element (FE) method, but there is few FE program yet that can correctly estimate the damping matrix. The 
errors between the simulation results and the experimental results for damped composite structures can adversely affect the 
design, maintenance, and repair of the structures. For these reasons, an accurate FE model updating method for damped struc-
tures must be developed to solve the problems caused by the differences between the simulation and the experiment. This paper 
deals with the development of a FE model updating method including damping matrix identification. 
Many FE model updating methods have been applied to minimize the differences in structural properties, such as stiffness, 
mass and/or damping parameters, between the real structure and the FE model. Various methods including early FE model 
updating and methods developed in 1990s were reviewed by Friswell and Mottershead (1995). Rade and Lallement (1998) 
examined a strategy for the enrichment of experimental data in connection with the problem of FE model updating. Their 
strategy was based on the simultaneous exploitation of the dynamic responses of various structural configurations, obtained by  
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deliberate changes of original boundary conditions, and by grounding of one or several degrees of freedom. In their study, the 
zero frequencies were used to supply incompleteness of the experimental data. D'Ambrogio and Fregolent (1998) described a 
dynamic model updating method, Force Residual Updating-Interactive Technique (FRU-IT) which is based on minimization of 
the force residual. They considered the zero frequencies as additional parameters for FRU-IT since the zero frequencies can 
reduce the measurement errors caused by ill-conditioning of the system identification problem. Results of their study revealed 
that the zero frequencies can be identified from experimental Frequency Response Functions (FRFs) with much less error than 
mode shapes and correlation between experimental and analytical zero frequencies is a good index for model updating. In 
addition, D'Ambrogio and Fregolent (2000) studied an updating technique that includes the zero frequencies in the definition of 
the output residual. Jones and Turcotte (2002) proposed a FE model updating method using zero frequencies. The penalty 
method, which is based on the sensitivities of modal data, using zero frequencies was chosen as the updating method for their 
study. A truss structure was considered to demonstrate the FE model updating with experimental data.   
Nam et al. (2005) suggested a sensitivity analysis method that utilized natural frequencies, zero frequencies, and Static 
Compliance Dominant (SCD) frequencies. In their study, the way of making sensitivity matrix with additional spectral infor-
mation was introduced, and the performance of the proposed method was compared with the method using only natural fre-
quencies via numerical examples. They found several advantages of using additional spectral information. However, the 
application was limited to a simple analytical model of the mechanical system. Min et al. (2012) modified the Nam et al.'s (2005) 
method, and the modified method was verified via a numerical model and an experimental model. Hanson et al. (2007) also 
studied a FE model updating method using zero frequencies which is based on operational modal analysis. Bakir et al. (2007) 
proposed a sensitivity-based FE model updating method using constrained optimization with a trust region algorithm to detect 
structural damage. Esfandiari et al. (2010) also proposed a structural FE model updating method using transfer function data. 
Although many methods are available for the FE model updating, most of them mentioned above cannot be used for updating 
of damped structures because of neglecting the damping. 
To overcome this limitation, various identification methods have been developed to directly estimate the damping matrix 
from experimental data. Minas and Inman (1991) presented a method for modeling the damping matrix of a structure from 
incomplete experimental data combined with a reasonable representation of the mass and stiffness matrices developed by FE 
methods. Lee and Kim (2001) studied an identification method of the damping matrix in a frequency range using the inverse 
transfer functions. They provided a theoretical validation and related error analysis conducted by applying the method to a 
simple lumped parameter system. Adhikari and Woodhouse (2001) studied a viscous damping system. They showed that only 
the complex natural frequencies and complex mode shapes were needed to obtain a damping matrix. To preserve symmetry of 
the system, Adhikari and Woodhouse (2002) studied an identification method based on a constrained error minimization 
approach. Ozgen and Kim (2007) discussed the theory of direct experimental identification of damping matrix based on the 
dynamic stiffness matrix method and the expansion technique of damping matrix for experimental-analytical hybrid modeling. 
These previous studies provide acceptable way of estimating damping matrix for the FE model updating.   
Some model updating methods containing the damping matrix identification have been proposed in recent years. Lin and 
Zhu (2006) studied a FE model updating method utilizing experimental FRF data. In their study, both proportional viscous 
damping and non-proportional viscous damping were considered as damping models. In case of proportional damping, damping 
matrix was expressed as a linear combination of the stiffness matrix and the mass matrix. In case of non-proportional damping, 
FRF sensitivity matrix was used in order to identify the damping matrix. Arora et al. (2009) and Arora et al. (2010) studied a 
model updating technique using complex FRFs for damped structures. Their FE model updating method consisted of complex 
parameter-based updating method and damping identification method. Numerical and experimental tests were considered to 
verify the proposed method.  
The FE model updating with experimental data is a useful tool for evaluating the structural integrity. Although many 
methods have been developed up-to-date, one of its drawbacks in general is lack of information. In other words, information 
available for natural frequencies, mode shapes or number of degree of freedom is limited. For highly indeterminate structures, 
the number of unknown parameters, such as stiffness properties of a structural system, is much greater than the number of 
measured parameters. Because of insufficient data, inverse problem of FE model updating might be a structurally under-
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determined system which causes ill-conditioning of updating equations. Thus undesirable errors are generated between FE 
models and real structures. The local maximum error can be produced when solving ill-conditioned equations, even though the 
several target parameters, such as natural frequencies of the FE model, exactly match with measured ones.  
The main objective of this paper is to propose a new finite element model updating method for damped beam structures. To 
achieve the stated goal, a sensitivity-based FE updating method using natural frequencies and zero frequencies is applied to 
update the stiffness matrix of the FE model, and a damping matrix identification method using damping ratios which are 
obtained from experimental data is also adopted to estimate the damping matrix. A real cantilever beam attached damping 
material on one side is considered to verify the proposed method.  
MODIFICATION OF FE MODEL 
Zero frequencies as additional information 
The sensitivity-based methods are widely used methods for FE model updating due to their good performance to reconstruct 
the measured response quantities, such as natural frequencies, mode shapes, and FRFs. During the identification process, the 
analytical stiffness and mass matrices are updated. In order to build the correct system matrices, many number of design vari-
ables are required, however, available parameters (i.e., natural frequencies and mode shapes) as design variables for FE model 
updating are very limited. 
In this paper, zero frequencies are used to supplement the information of vibration characteristics. Zero frequencies are also 
important parameters to manifest the dynamic characteristics of a structure like the natural frequencies. Zero frequencies are 
local properties while natural frequencies are global properties, i.e., the same natural frequencies will be occurred on any FRFs 
of the system. Different FRFs have different zero frequencies, and zero frequencies may not appeare at some FRFs. 
Two DOF mass-spring system is shown in Fig. 1. An individual ( ),i jH ω  is physically defined as the ratio of displace-
ment at coordinate i to a sole force applied at coordinate j : 
 (1) 
where ,r iφ  and ,r jφ  are the elements i and j of the rth mode shape vector, and rω  is the rth natural frequency.  ( )1,1H ω  of the two DOF system can be expressed by Eq.( 2). 
 
 (2) 
 
Fig. 1 Mass-spring system with 2 DOFs. 
 
In case of 1ω ω< , both the first term and the second term of Eq. (2) are positive, and in case of 2ω ω> , both the first 
term and the second term of Eq. (2) are negative. However, in case of 1 2ω ω ω< < , the first term is negative while the second 
one is positive. Therefore, the two terms are canceled out. So, there will be either a zero frequency or minimum between two 
resonances frequencies 1ω  and 2ω . When the FRF is plotted on a dB or log scale, this zero receptance will signify the zero 
frequency. This is drawn in Fig. 2. 
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Fig. 2 Zero frequency of an FRF of a 2 DOF Mass-spring system. 
 
The zero frequencies in ,i jH  can be defined the square root of eigenvalues of reduced mass and stiffness matrices. These 
matrices are formed from original mass and stiffness matrices, but with its ith row and jth column removed (Mottershead, 1998). 
The ,i jH  matrix consists of diagonal elements, 1,1 2,2 ,, , , n nH H HL , called point frequency response functions, and the other 
elements called transfer frequency response functions. Zero frequencies can be obtained from either the point FRFs or the 
transfer FRFs. While natural frequencies (i.e., peaks in FRFs) are generated at the same locations in frequency axis for all 
measurement locations, the zeros occur at different frequencies depending on the locations of measurement. It should be clear 
that the zero frequencies could be abundant and provide additional information regarding the dynamic behavior of a structure. 
Sensitivity-based FE model updating with natural frequencies and zero frequencies 
The sensitivity method, among the many approaches based on vibration test data, is probably the most widely used tech-
nique for the FE model updating. Stubbs and Osegueda (1990) presented the sensitivity-based system identification method, 
and the method was extended to accommodate other spectral information (i.e., zero frequencies and static compliance dominant 
frequencies) by Nam et al. (2005). Min et al. (2012) modified the Nam et al.'s (2005) method. The modified method uses 
natural frequencies and zero frequencies as target parameters. In this paper, the sensitivity-based FE model updating method of 
Min et al. (2012) is employed, and summarized as follows.  
Sensitivity analysis generally depends on the selection of parameters and the definition of optimization constraints. For 
instance, the parameters can be elements of mass and stiffness matrices. In this study, the beam’s elastic modulus, E, is selected 
as an updating parameter. Note that only change in stiffness parameters is considered since the change in mass is negligible in 
common structural damage (e.g., cracks, time-dependent degradation in concrete structure, loosen connections in steel structure) 
and the effect of change in damping parameters on change in spectral information is negligibly small. 
Suppose a structural system consists of p elements, then the sensitivity matrix can be calculated as following manner. First, 
m natural frequencies and n zero frequencies, ( 1,2, , )i i m nω = +L , are numerically generated for initial FE model. Second, a 
known amount of stiffness (EI) change at jth element of the FE model, ( 1,2, , )j j pγΔ = L , is introduced and the corresponding  
m natural and n zero frequencies, *( 1,2, , )i i m nω = +L , are numerically computed. Third, the difference in frequencies between 
the initial and modified FE models, ( 1,2, , )iz i m n= +L , is obtained by 
*
i i
i
i
z ω ωω
−= . Fourth, each component of the jth  
column of the sensitivity matrix, [ ]S , is computed dividing the change in each frequency by the simulated severity at element 
j. Finally, the ( )m n p+ ×  matrix [ ]S  is generated by repeating the above procedure for all p elements. The complete 
sensitivity matrix [ ]S  is given by 
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 (3) 
 
 
 
Once the sensitivity matrix is constructed using the initial FE model, and the natural frequencies and the zero frequencies 
extracted from experiment, i.e., target parameters to be matched, are available, the optimal solution of FE model updating pro-
blem can be deduced by solving the linear equations expressed by 
 (4)  
where { }z  is a ( ) 1m n+ ×  column matrix representing the difference in frequencies between the initial FE model and the 
real structure, and { }α  is a 1p×  column matrix that there are p unknown stiffness parameters to be updated into the FE 
model. The sensitivity matrix, [ ]S , is usually not a square matrix that is required to find the minimum square solution like 
pseudo-inverse. For a structurally-underdetermined system that involves more unknowns than the number of equations (i.e.,
m n p+ < ), the inverse solution is the minimal norm and may not be unique. 
 
The stiffness of each element j of the FE model is then updated by the following equation 
 (5) 
where jEI  is the known flexural rigidity of the jth element of the initial FE model, jα  is the fractional change of stiffness 
solved by Eq. (4), and *jEI  is a new stiffness of the updated FE model. With the updated FE model, an eigenvalue analysis is 
performed to generate new natural and zero frequencies for the next step. This process is repeated until { }z  is satisfied with 
an allowable error or { } 0α ≈ , i.e., system converges. 
 
The proposed sensitivity-based FE model updating method can be summarized as follows: 
1) Acquire the natural and zero frequencies from the target structure (i.e., an existing structure) via experimental modal analysis; 
2) Build an initial FE model that corresponds to the real structure by utilizing all the possible knowledge about design and 
construction of the structure; 
3) Compute the natural and zero frequencies of the initial FE model; 
4) Identify the difference in frequencies between the initial FE model and the target structure, i.e., compute { }z ;  
5) Compute the sensitivity matrix, [ ]S , using the initial FE model; 
6) Estimate the elastic modulus changes by first solving Eq. (4) and fine-tune the FE model by solving Eq. (5); and 
7) Repeat steps (3)-(6) until { }z  is satisfied with an allowable error or system converges when the elastic modulus of the 
updated FE model are identical to those of the real structure. 
Degree of freedom reduction method 
An actual structure has infinite degrees of freedom while a finite element model has finite degrees. The experimental model, 
however, has very limited degrees of freedom depending on the sensors’ degrees of freedom and their quantities. This makes it 
different from a FE model, not allowing an experimental model to be directly applied to the FE model. For this reason, a 
process is required to reduce the degrees of freedom of the FE model so they would match those of an experimental model via 
degree of freedom reduction. 
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The degree of freedom reduction method was developed as a way of enhancing the efficiency of the FE analysis. This 
method produces a reduced system with less than 10% master degrees of freedom by eliminating more than 90% slave degrees 
of freedom. The reduction method was first suggested by Guyan (1965) and Iron (1965). Gordis (1992) developed the Standard 
IRS method that formed a conversion matrix by adding an eigenvalue term using a binomial theorem. Friswell et al. (1995) 
suggested the iterated IRS (IIRS) method. This method improved a dynamic reduction matrix via repetition until the eigenvalue 
reached the desired accuracy. In this paper, the degrees of freedom of the FE model are reduced so they would match those of 
an experimental model, via the IIRS method. 
Proportional viscous damping matrix identification 
Reduced spatial stiffness and mass matrices are changed into modal stiffness matrix [ ]rk  and modal mass matrix [ ]rm  
by Eqs. (6) and (7), respectively.  
 (6) 
 (7) 
where [ ]Ψ  is the mode shape matrix of the reduced FE model. 
Modal stiffness matrix [ ]rk  and modal mass matrix [ ]rm  are diagonal matrices. Modal damping ratio rς  is denoted by 
Eq. (8). 
 (8) 
where rc  is a modal damping coefficient and crc  is a modal critical damping coefficient. Also, crc  is defined as Eq. (9). 
 (9) 
Eq. (8) is expressed by rc , 
 (10) 
If experimental model has N degrees of freedom, N modal damping ratios are needed to obtain modal damping coefficient 
rc  using Eq. (10). Estimated modal damping matrix [ ]rc  is a diagonal matrix. The modal damping matrix [ ]rc  is trans-
ferred to spatial damping matrix [ ]C  by Eq. (11).  
  (11) 
FE MODEL UPDATING FOR DAMPED STRUCTURES 
Fig. 3 shows the flowchart of the FE model updating method for damped structures. Twelve steps are utilized to develop the 
updating method. These steps are described below. 
1) Select a real structure; 
2) Perform a modal testing to obtain the accelerance FRFs of the structure; 
3) Extract modal parameters (i.e., natural frequencies, ( )nEXP ω , damping ratios, ( )EXP ζ , and zero frequencies, ( )zEXP ω ) 
of the structure using modal parameter identification methods; 
4) Make a FE model corresponding real structure using initial properties; 
[ ] [ ] [ ][ ]Trk K= Ψ Ψ
[ ] [ ] [ ][ ]Trm M= Ψ Ψ
r
r
cr
c
c
ς =
2cr r rc k m=
r cr rc c ς=
[ ] [ ]( ) [ ][ ]1 1T rC c− −= Ψ Ψ
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5) Perform eigenvlaue analysis to get the natural frequencies of FE model, ( )nFEM ω , and the zero frequencies of FE model, 
( )zFEM ω ; 
6) Select the updating parameters, EIs of FE model, and target parameters, ( )nEXP ω  and ( )zEXP ω ; 
7) Perform sensitivity-based FE model updating to get modified spatial mass and stiffness matrices; 
8) Reduce the number of DOF of modified spatial mass and stiffness matrices to be matched with that of experimental model; 
9) Transform reduced spatial mass and stiffness matrices into modal mass and stiffness matrices; 
10) Calculate a modal damping matrix by Eq. (10) with ( )EXP ζ ; 
11) Estimate a spatial damping matrix through inverse modal transformation of the modal damping matrix; and 
12) Finally, obtain the updated mass, stiffness and damping matrices. 
 
The developed method has several features: 
1) Zero frequencies are considered as target parameters to supplement the information of vibration characteristic. The use of 
natural frequencies and zero frequencies leads to more accurate FE model updating because the underdetermined system can 
be transformed into the overdetermined system; 
2) The number of degrees of freedom of FE model is matched up with that of experimental model by the IIRS method; 
3) The symmetry of identified damping matrix is preserved because of using modal damping matrix; and 
4) In any case, the positive-definiteness of the damping matrix is guaranteed by using modal damping ratios. 
 
 
Fig. 3 Flowchart of the FE model updating method for damped structures. 
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EXPERIMENTAL VERIFICATION 
Modal analysis of a damped beam 
An experiment is performed on a damped cantilever to verify the updating method. The beam is clamped by a vise. The 
beam is manufactured to meet the boundary condition of a cantilever, as shown in Fig. 4, using stainless steel at the fixed por-
tion with a thickness of 0.022 m. To make the cantilever with intense damping, a viscous elastic damping material is attached on 
a side of the base beam. The attached damping material has a 4 mm thickness and a 2,000 3/kg m  density. The material pro-
perties and geometric information of the base beam and the damping material are listed in Table 1.  
 
   
Fig. 4 Experimental setup of test specimen. 
 
Table 1 Properties and geometric information of the base beam and the damping material. 
Property Base beam Damping material 
Modulus of elasticity 2.05 × 1011 N/m2 5 × 108 N/m2 
Density 7,830 kg/m3 2,000 kg/m3 
Length 0.35 m 0.35 m 
Thickness 0.002 m 0.004 m 
Width 0.03 m 0.03 m 
 
The apparatus used to conduct the modal test consists of a two-channel FFT analyzer (B&K 3560B), an accelerometer 
(KISTLER 8778A500), an impact hammer (ENDEVCO 2302-10), and a portable computer. Effects of the mass of the accele-
rometer should be negligible because the mass of the accelerometer is 0.4 grams which is very small compared to the mass of 
the beam. A fixed location of hammer impact with roving response measurements is performed to collect dynamic response 
quantities. An impact point and a total of 10 acceleration response measurement points, 0.035 m apart from each other, are marked 
on the cantilever to ensure the repeatability during the test. Each point represents a node, and each node has only up-and-down 
degree of freedom. The impact point and measurement locations (i.e., the order of degrees of freedom) are depicted in Fig. 5. 
 
 
Fig. 5 Locations of the impact point and response measurements. 
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Ten accelerance FRFs, a point accelerance FRF and nine transfer accelerance FRFs, are measured. Three impacts and the 
corresponding response accelerations are recorded at each point and an averaged FRF is computed for each measurement point. 
Experimental Modal Analysis (EMA) is performed on the collected data set of accelerance FRFs. Accurately identified natural 
frequencies and zero frequencies from experimental data by curve-fitting procedure are required to improve the performance of 
the proposed method. In this paper, the peak amplitude method and the global curve-fitting method (Min et al., 2009) is used to 
extract modal parameters such as natural frequencies, damping ratios and mode shapes from experimental data. Prior to esti-
mating the modal parameters from experimental data, the number of peak points is selected carefully, because the computation 
time and the accuracy of the results are greatly affected by how many peak points are selected. In this study, 10 modes are 
selected within the range of 3 kHz. Especially, the selected modes are split into two groups to improve the efficiency of analysis: 
the first mode is in the group 1 and the others are in the group 2. The group 1 is fitted by the peak amplitude method to estimate 
the first mode natural frequency and modal damping ratio. The group 2 is fitted by the global curve-fitting method. The curve-
fitting result of EXP(H1,1) is given in Fig. 6. Hereinafter, EXP(Hi,j) denotes an experimental frequency response function, in 
which i is the impact node and j is the response node, and FEM(Hi,j) for the finite element model.  
 
 
Fig. 6 Result of the global curve-fitting. 
FE model updating of a damped beam 
Before generating the FE model of a damped beam, a non-damped-type FE model that is devoid of a damping term is 
generated. An analytical model of a cantilever beam depicted in Fig. 7 is considered as an initial FE model for base stainless 
steel beam to verify the effectiveness of the proposed method. Twenty beam elements are used to construct the FE model. 
 
 
Fig. 7 Numerical model of a cantilever beam. 
 
To make the two layers composite beam (i.e., stainless steel + damping material) into single layer stainless steel beam, the 
damping material's thickness is changed, and the elastic modulus of the damping material is ignored because it is much smaller 
than that of stainless steel. The effective thickness of the beam, ut , is calculated by Eq. (12).   
Downloa 1:55 AM
Int. J. Nav. Archit. Ocean Eng. (2014) 6:904~921 913 
 
 (12) 
where st  and td are the thicknesses of the base stainless steel and the damping material, respectively, and sρ and ρd are the 
densities of the base stainless steel and the damping material, respectively. 
The FE model of a beam is made of using 21 nodes and 20 elements and each node has two degrees of freedom, up-and-
down and rotational movements. For the boundary condition of the cantilever, two degrees of freedom (up-and-down, and 
rotation) are deleted at the fixed node, and [ ]40 40×  mass and stiffness matrices are assembled.  
The first ten natural frequencies of the initial FE model are calculated by eigenvalue analysis, and the calculated natural 
frequencies of the initial FE model are shown in the second column of Table 2, and experimentally identified natural frequen-
cies are shown in the third column of Table 2. Eq. (13) defines the error between the natural frequency of a finite element model 
and that of an experiment. 
 
 (13) 
where rε  is the error of the rth mode, ( )nrEXP ω  is the experimentally measured natural frequency of rth mode, and ( )nrFEM ω  is the natural frequency of the rth mode of the FE model. Note that there is a maximum error of 4.05% in the 
second mode. The calculated errors are given in the fourth column of Table 2. 
 
Table 2 Natural frequencies of the initial FE model and the experimental model. 
Mode FEM, Natural frequency (Hz) EXP, Natural Frequency (Hz) Error (%) 
1 10.98 11 0.18 
2 69.03 71.94 4.05 
3 194.13 199.61 2.75 
4 382.58 389.05 1.66 
5 636.33 642.02 0.89 
6 956.09 959.22 0.33 
7 1341.31 1340.18 0.08 
8 1789.58 1785.19 0.25 
9 2296.19 2294.52 0.07 
10 2853.93 2866.35 0.43 
 
Among the measured FRFs, the zero frequencies from EXP(H1,1) , EXP(H2,2) and EXP(H1,2) are used as target parameters to 
supplement the insufficient modal information. Eight zero frequencies between the second and the tenth modes from EXP(H1,1), 
three zero frequencies between the second and the fifth modes from EXP(H2,2), and two zero frequencies between the second 
and the fourth modes from EXP(H1,2), are considered as added target parameters. The first zero frequencies from three FRFs are 
omitted since they are not clearly distinguished owing to the noise. Table 3 shows these 13 zero frequencies in addition to the 
13 zero frequencies calculated from the initial FE model. The initial errors for zero frequencies are also included in Table 3. By 
considering relations between the order of degrees of freedom of experimental model and the FE model, it can be deduced that 
the zero frequencies from FEM(H3,3), FEM(H7,7) and FEM(H3,7) correspond to those from EXP(H1,1), EXP(H2,2) and EXP(H1,2), 
respectively. A total of 23 target parameters are available, i.e., 10 natural frequencies and 13 zero frequencies. 
d
u s d
s
t t t
ρ
ρ
⎛ ⎞= + ⎜ ⎟⎝ ⎠
( ) ( )
( ) 100(%)
nr nr
r
nr
FEM EXP
EXP
ω ωε ω
−= ×
Downloa 1:55 AM
914 Int. J. Nav. Archit. Ocean Eng. (2014) 6:904~921 
Table 3 Zero frequencies of the initial FE model and the experimental model. 
Zero frequency (Hz) 
Mode FEM (H3,3)
 
EXP (H1,1)
 
Error (%) FEM (H7,7) EXP (H2,2) Error (%) FEM (H3,7)
 
EXP (H1,2) Error (%)
2-3 81.25 88.5 8.19 98.36 104 5.42 91.85 98.5 6.75 
3-4 229.47 240.5 4.59 280.37 295 4.96 263.37 273 3.53 
4-5 454.06 470 3.39 557.51 575.5 3.13    
5-6 757.86 778 2.59    
6-7 1141.58 1164 1.93    
7-8 1603.54 1630 1.62    
8-9 2138.61 2176 1.72    
9-10 2737.44 2795 2.06    
 
The FE model updating with the experimental natural frequencies and zero frequencies is performed until all components of 
{ }α  are smaller than 10-6. Table 4 shows the natural frequencies and zero frequencies of the finally updated FE model. Percent 
errors between frequencies of the finally updated FE model and those from the experiment are also presented in Table 4. 
 
Table 4 Natural and zero frequencies of finally updated FE model. 
Mode Natural frequency (Hz) Error (%) Zero frequency (Hz) 
1 10.94  0.58  FEM (H3,3) Error (%) FEM (H7,7) Error (%) FEM (H3,7)
 
Error (%)
2 71.78  0.22  87.65 0.96 104.90 0.87  96.60  1.93  
3 198.29  0.66  240.89 0.16 292.85 0.73  272.77  0.08  
4 389.80  0.19  468.14 0.40 571.56 0.69      
5 645.35  0.52  771.58 0.82         
6 963.76  0.47  1156.20 0.67         
7 1351.63  0.85  1621.80 0.50         
8 1806.40  1.19  2168.57 0.34         
9 2321.22  1.16  2783.67 0.41         
10 2891.01  0.86      
 
The performance of the FE model updating with experimental data might be evaluated with these errors. The errors of 
initial FE model range from 0.07% to 8.19% as shown in Tables 2 and 3. The errors of the finally updated FE model range 
from 0.08% to 1.93 % as shown in Table 4. The results show that all errors are reduced to an acceptable limit within 1.19% 
for natural frequencies and 1.93 % for zero frequencies. 
EIs of modified FE model through proposed FE model updating procedure are shown in Fig. 8. From Fig. 8, changes of EIs 
of finally updated FE model range from -33.39% to 26.10%. This phenomenon might be caused by following reasons, but not 
limited to: (1) errors in experiment - thickness distribution of bonding layer between the steel and the damping material could be 
un-uniform, experimental data is always included some measurement noise; (2) errors in finite element modeling - 20 elements 
with two node element were assumed to represent a continuous real damped beam, the mass matrix was not updated, the thick-
ness of the damping material was ignored and the boundary condition was idealized; and/or other uncertainties. 
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Fig. 8 EIs of FE model modified after FE model updating. 
 
The size of mass and stiffness matrices is [ ]40 40× , while that of the experimental model are [ ]10 10× . Therefore, the 
degree of freedom of FE model should be reduced to be the same degree of freedom of experimental model. Degrees of 
freedom of FE model corresponding to experimental model are 3 7 11 15 19 23 27 31 35, , , , , , , , ,f f f f f f f f fq q q q q q q q q  and 39f
q , res-
pectively, and they are considered as the master degrees of freedom, and others are slave degrees of freedom. Reduced FE 
model is estimated by IIRS, and its first to tenth natural frequencies have error ratios under 0.1%. FRFs are calculated, and Fig. 
9 shows a comparison of experimental FRF, ( )1,1EXP H , and FE model updated FRF, ( )1,1FEM H , for reduced system.  
 
 
Fig. 9 Comparison of experimental FRF and updated FE model FRF  
for reduced system, ( )1,1EXP H  vs. ( )1,1FEM H . 
 
It is indicated that natural and zero frequencies of ( )1,1FEM H  and ( )1,1EXP H  are in good agreement. Although natural 
and zero frequencies of experimental model coincide with natural and zero frequencies of FE updated model, there is a distinct 
difference between the magnitude of FRFs from experiment and FE updated model because the FE updated system is an 
undamped model. If damping matrix is estimated exactly, the magnitude of the FRFs is matched closely.  
Reduced spatial stiffness and mass matrices of the FE model are transformed using modal stiffness matrix [ ]rk  and 
modal mass matrix [ ]rm  by Eqs. 6 and 7, respectively. [ ]rk  and [ ]rm  are diagonal matrices, and they are given by Eqs. (14) 
and (15). 
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 (14) 
 
 
 
 
 
         
 
 
 
 (15) 
 
 
 
 
Since experimental model has 10 degrees of freedom, 10 modal damping ratios are needed to obtain modal damping coe-
fficients, rc , using Eq. (10). Estimated modal damping matrix [ ]rc  is a diagonal matrix, and it is given by Eq. (16). Identified 
modal damping ratios, rς , are given in Table 5. 
 
Table 5 Identified modal damping ratios from experimental data. 
Mode 1 2 3 4 5 6 7 8 9 10 
Modal damping ratio 0.065 0.023 0.020 0.018 0.018 0.017 0.017 0.016 0.016 0.017
 
 
 
 
 
 (16) 
 
 
 
 
 
The modal damping matrix [ ]rc  is transferred to spatial damping matrix [ ]C  by Eq. (11). Identified spatial damping 
matrix [ ]C  is given by Eq. (17). 
[ ]
3
4
5
5
5
5
6
6
6
9.969 10
4.135 10
2.970 10
1.062 10
2.637 10
5.166 10
8.404 10
1.174 10
1.609 10
2.952 10
rk diag
⎡ ⎤×⎢ ⎥×⎢ ⎥⎢ ⎥×⎢ ⎥×⎢ ⎥⎢ ⎥×⎢ ⎥= ×⎢ ⎥⎢ ⎥×⎢ ⎥⎢ ⎥×⎢ ⎥×⎢ ⎥⎢ ⎥×⎣ ⎦
[ ]
0.021
0.020
0.019
0.018
0.016
0.014
0.012
0.009
0.008
0.009
rm diag
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
[ ]
0.1862
0.4093
0.9636
1.6042
2.2916
2.8743
3.3337
3.4113
3.5858
5.4116
rc diag
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
Downloa 1:55 AM
Int. J. Nav. Archit. Ocean Eng. (2014) 6:904~921 917 
 
 
 
  
 (17) 
 
 
 
 
FRFs of identified system which consists of mass matrix, updated FE model stiffness matrix and identified damping matrix, 
( ) ( )1,1 1,10~SI H SI H , are calculated. ( ) ( )1,1 1,2~EXP H EXP H  and ( ) ( )1,1 1,2~SI H SI H  are compared in Figs. 10 and 11 to 
verify the accuracy of the identified matrices. 
 
 
Fig. 10 Comparison of experimental and identified FRFs of the damped beam, ( )1,1EXP H  vs. ( )1,1SI H . 
 
Fig. 11 Comparison of experimental and identified FRFs of the damped beam, ( )1,2EXP H  vs. ( )1,2SI H . 
 
The comparisons of the FRFs show good agreement between the estimated FRFs and the experimentally measured ones. 
Amplitude of each peak of identified FRFs is reduced by damping, and it fits well to that of experimental FRFs. Also, zero 
frequencies of identified FRFs well match with those of experimental FRFs except some points. 
[ ]
9.113 5.017 1.708 0.287 0.244 0.319 0.219 0.128 0.065 0.025
7.759 4.5 1.07 0.037 0.355 0.319 0.187 0.105 0.025
6.976 3.908 0.629 0.176 0.328 0.232 0.101 0.052
6.308 3.381 0.339 0.168 0.211 0.193 0.06
5.688 2.933 0.231 0
C
− − − − −
− − − −
− − −
− − −
−= .102 0.162 0.127
5.1 2.552 0.097 0.255 0.138
. 4.57 2.179 0.15 0.258
3.735 1.276 0.249
1.729 0.325
0.415
SYM
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥−⎢ ⎥− −⎢ ⎥⎢ ⎥− −⎢ ⎥− −⎢ ⎥⎢ ⎥−⎢ ⎥⎢ ⎥⎣ ⎦
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In addition, ( )2,2SI H is compared with ( )2,2EXP H  in Fig. 12. As shown in Fig. 12, it is found that the proposed 
method can lead to the estimation of spatial mass, stiffness, and damping matrices that satisfies the entire system. 
 
 
Fig. 12 Comparison of experimental and identified FRFs of the damped beam, ( )2,2EXP H  vs. ( )2,2SI H . 
Comparison of experimental mode shapes and identified mode shapes 
It is important to compare mode shapes when identified parameters have been verified. For this reason, experimental and 
identified mode shapes are compared for 10 points of the damped beam. The first to tenth mode shapes are identified by the 
global curve-fitting method. Experimental and identified mode shapes are compared by Modal Assurance Criteria (MAC).  
MAC is calculated to compare experimental mode shapes and identified mode shapes. MAC is defined as Eq. (18) (Maia 
and Silva, 1998). 
{ } { }( ) { } { }{ } { }( ) { } { }( )
2
,
φ φ
φ φ
φ φ φ φ
=
T
EXP IDi j
EXP IDi j T T
EXP EXP ID IDi ji j
MAC   (18) 
where EXPφ  and IDφ  are the experimental and identified mode shape, and i and j mean the ith and jth mode, respectively. 
If mode shapes of experimental model and identified model are in fact the same, the values of the MAC are close to 1.0, 
whereas if they are actually not related to each other, the values are close to 0. Table 6 shows MAC values. In Table 6, diagonal 
numbers are close to 1, and the others are very small. These results mean not only that mode shapes are nearly the same but also 
that the modified FE model well describes the real model. Experimental and identified mode shapes are compared in Fig. 13. 
 
Table 6 Values of MAC.  
 
Identified mode shape 
1 2 3 4 5 6 7 8 9 10 
Experimental 
mode shape 
1 0.98 0.02 0.07 0.02 0.06 0.04 0.07 0.05 0.06 0.02 
2 0.02 0.99 0.05 0.04 0.04 0.06 0.03 0.03 0.04 0.03 
3 0.03 0.03 0.99 0.06 0.04 0.04 0.04 0.04 0.02 0.03 
4 0.03 0.03 0.03 0.99 0.05 0.03 0.03 0.03 0.03 0.02 
5 0.03 0.03 0.04 0.04 0.99 0.04 0.03 0.03 0.03 0.03 
6 0.02 0.03 0.04 0.04 0.05 0.98 0.02 0.02 0.02 0.02 
7 0.02 0.03 0.03 0.05 0.05 0.05 0.98 0.01 0.02 0.02 
8 0.02 0.03 0.04 0.03 0.06 0.06 0.03 0.97 0.00 0.03 
9 0.02 0.02 0.02 0.04 0.04 0.06 0.05 0.01 0.93 0.00 
10 0.02 0.00 0.01 0.05 0.05 0.01 0.05 0.13 0.01 0.90 
Downloa 1:55 AM
Int. J. Nav. Archit. Ocean Eng. (2014) 6:904~921 919 
  
  
  
  
  
Fig. 13 Comparison of experimental and identified mode shapes. 
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Discussion of results 
In this paper, sensitivity-based FE model updating method using natural frequencies and zero frequencies was proposed for 
modifying FE model of the proportionally damped beam structure. Zero frequencies were used as additional parameters to 
increase the accuracy of the FE model updating. The method was verified by the vibration experiment on the damped beam. 
From the results of experimental verification, the following observations are made: 
 
1) The results in Table 4 show that the use of zero frequencies as supplement is quite effective to improve the accuracy of the 
FE model updating method; 
2) The results also certify that variety combinations of zero frequencies measured at different locations on the same structure is 
an efficient method to increase the accuracy of FE model updating; 
3) Eq. (17) shows that the symmetry of identified damping matrix is preserved because of using modal damping matrix; 
4) In any case, the positive-definiteness of the damping matrix is guaranteed by using modal damping ratios; 
5) Results of the comparisons in Figs. 10~12 avouch that developed damping estimation method has good performance; and 
6) From Table 6, mode shapes of the numerical model which consist of finally identified mass, stiffness and damping matrices 
well match up with those of experimental model. 
CONCLUSION 
In this paper, the sensitivity-based FE model updating method for damped structures is proposed. The proposed method is 
made up of the experimental modal analysis techniques (i.e., modal testing, curve-fitting method and damping matrix iden-
tification method) and FE modification techniques (i.e., sensitivity-based FE model updating method and DOF reduction 
method). The proposed method in this paper is verified through the vibration experiment on the damped beam. From results of 
tests, the following conclusions can be drawn. 
Sensitivity analysis using the natural frequencies and zero frequencies is a very useful method to enhance the accuracy in an 
experimental analysis where the number of target parameters is insufficient. When the number of damping ratios extracted from 
experimental data is equal to the number of DOF of the reduced FE model, the modal damping matrix is accurately estimated. 
The used damping matrix identification method solves the problems of keeping the symmetry and the positive-definiteness of 
identified damping matrix. The proposed updating method can accurately refine FE model of the damped beam. 
However, several issues are considered to apply the proposed FE model updating method to real complex structures. First, 
errors analysis such as signal noise errors and curve-fitting errors of experiment data should be performed to obtain more physi-
cally meaningful updating results. Second, the zero frequency estimation method will be studied to identify more accurate para-
meters from FRFs of damped structures. These topics will be carried out at next work. 
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